INVERSE TRIGONOMETRIC
FUNCTIONS

2.10verview

2.1.1 Inverse function

Inverse of a function ‘f  exists, if the function is one-one and onto, i.e, bijective.
Since trigonometric functions are many-one over their domains, we restrict their
domains and co-domains in order to make them one-one and onto and then find
their inverse. The domains and ranges (principal value branches) of inverse
trigonometric functions are given below:

Functions Domain Range (Principal value
branches)
—T T

y = sin"'X [-1,1] B

y = cos™'X [-1,1] [0,m]
T T

y = cosec'X R- (-1,1) 55 {0}

T

y = sec™'X R- (-1,1) [0,7] — 5
T T

y = tan"'x R 5%

y = cot'x R (0,m)

Notes:
(i) The symbol sin"'x should not be confused with (sinx)'. Infact sin"'x is an
angle, the value of whose sine is X, similarly for other trigonometric functions.

(i) The smallest numerical value, either positive or negative, of 0 is called the
principal value of the function.
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INVERSE TRIGONOMETRIC FUNCTIONS 19

(i) Whenever no branch of an inverse trigonometric function is mentioned, we mean
the principal value branch. The value of the inverse trigonometic function which
lies in the range of principal branch is its principal value.

2.1.2 Graph of an inverse trigonometric function

The graph of an inverse trigonometric function can be obtained from the graph of
original function by interchanging X-axis and y-axis, i.e, if (a, b) is a point on the graph
of trigonometric function, then (b, &) becomes the corresponding point on the graph of
its inverse trigonometric function.

It can be shown that the graph of an inverse function can be obtained from the
corresponding graph of original function as a mirror image (i.e., reflection) along the
liney=Xx.

2.1.3 Properties of inverse trigonometric functions

e ) X ——
1. sin”! (sin X) = X : )
cos!(cos X) = X : x [0, ]
- T
tan'(tan X) = X : X€ (7’5)
cot’!(cot X) = X : Xe (0,75)
T
sec”!(sec X) = X : X [0,7]- 3
-T T
cosec!(cosec X) = X : X 57 —1{0}
2. sin (sin™! X) = X : X e[-1,1]
cos(cos™ X) =X : x e[-1,1]
tan (tan™! X) = X : x eR
cot(cot! X) =X : x eR
sec (sec™! X) =X : XxeR - (-1,1)
cosec (cosec™! X) =X : XeR - (-1,1)
. 1
3. sin”' —  cosec'X . xeR - (-1,1)
X 9
cos' — sec'X . xeR - (-1,1)
X b
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20 MATHEMATICS

a1 -1
tan = — cot X : x>0
X
=— 1+ cot'X : X<0
4. sin”! (—X) = —sin"'x : xe[-1,1]
cos™! (-X) = m—cos !X : x e[-1,1]
tan™! (—X) = —tan"'X : x eR
cot™! (-X) = m—cot !X : x eR
sec! (—X) = m—sec'X : xeR —(-1,1)
cosec! (—X) = —cosec'x  : xeR —(-1,1)
_ T
5. sin'X + cos™'X = ) : x e[-1,1]
tan"'X + cot''x = 5 X eR
T
sec!X + cosec!x = ) X e R—[-1,1]
Xy
6. tan’'X + tan’'y = tan”' J_xy @ Xy<lI
X-y | B
tan"'X — tan’'y = tan’! (1 + XyJ’Xy> !
) 2X
7. 2tan'X = sin™! 3 -1<x<1
1 x
1-x
2tan'X = cos™! > : x>0
I x
2tan'X = tan’! -1<x<1

1-x
2.2 Solved Examples
Short Answer (SA.)

3
Example 1 Find the principal value of cos™'X, for x = -
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INVERSE TRIGONOMETRIC FUNCTIONS 21

RE} 3
Solution If cos 2 =0, then cos 6 = -

3
Since we are considering principal branch, 6 € [0, «t]. Also, since By > (0, 0 being in

B3

T
the first quadrant, hence cos™! 5= P

. W
Example 2 Evaluate tan™! SN >

Solution tan™ sin = = tan! (_SIH(EJJ = tan*l(—l) - _T ]
2 2 4

137
Example 3 Find the value of cos™ COS? .

13n i 0 T
Solution cos™ COST = cos™ COS(z’“‘g) = COS COSE

o la

9n
Example 4 Find the value of tan™! tan? .

) On T
Solution tan™ tan? =tan! tan TC+§

(1)) 3

Example 5 Evaluate tan (tan’'(— 4)).
Solution Since tan (tan'X) = X, v X € R, tan (tan''(— 4) = — 4.
Example 6 Evaluate: tan./3 —sec (-2) .
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22 MATHEMATICS

Solution tan™'\f3 - sec”! (- 2) =tan' /3 [1t — sec 2]

L o \/g
Example 7 Evaluate: S ' cos sin 17

Solution sin”' cos sin'

N|§|

. — n . 71
sin” cos — =sin —
3 2

ol a

Example 8 Prove that tan(cot!X) = cot (tan"'X). State with reason whether the

equality is valid for all values of X.
Solution Let cot'x = 6. Then cot 6 = X

T T
tan ——0 =x tan' Xx=——0
or, > = 5

So tan(cot ' X) =tan@ = cot (g - Oj =cot (g—cot1 X]:cot(tanl X)
The equality is valid for all values of X since tan"'X and cot'X are true for X € R.

Example 9 Find the value of sec (tanl %] .

b

- TT
Solution Let tan 1%:9 , where 0 E(—E,Ej. So, tanf = %

4 vy

which gives secO=

2

4+
Therefore, sec (tan1 %} =gsech :Ty ‘

Example 10 Find value of tan (cos™'X) and hence evaluate tan cos™ 17

Solution Let cos™'x = 0, then cos 6 = X, where 0 € [0,7]
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INVERSE TRIGONOMETRIC FUNCTIONS 23

\/1—00529 :\/l— X

Therefore, tan(cos™'X) = tan0 =
cos6 X
) (8)
Hence tan| cos ' — | = 17 -
8
17
-5

Example 11 Find the value of sin 2cot”' D)
I =5 -5
Solution Let cot™ )~V Then coty= TR

. 4 -5
Now sin 2cot™ T, =sin2y

12 -5 . T
= 2sinycosy = 2 % % since cot y<0, so ye E’n

13 13
-120
169
. 71 1 71 4
Example 12 Evaluate €OS Sin 1 sec 3

.1 4 .1 ~
Solution  cos sin'— sec'— = cos|sin"' —+cos 13
4 3 4 4

1 43 T B "
= cos sin'— cos cos' = —sin sin”' — sin cos =
4 4 4

2 2
1 1 1_3
4 4

35 17 31547

7
4 4 16

NG )

>
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24  MATHEMATICS

Long Answer (L.A))

Example 13 P tht2'*1§ t—lg_ﬁ
p rove that 2sin S—an 3l 2

SN
|

3 3 -T
Solution Let sin™ r 0, then sin® = 5 where 6 € |:77

3 3
Thus tan 0= 1 which gives 6 = tan’lz.
Theref 2sin™! tan™! 17
erefore sin!— — tan! —
’ 5 31
=20t T =2tan'— — t T
—tan = a7 — tan
2
tan ™! —tan! | 417
= -1 — —ta N
- 31 =t 5 31
16
24 17
- 7 31
_ tan ! T
- 2=y
7 31
Example 14 Prove that
cot'7 + cot'8 + cot'18 = cot™'3
Solution We have
cot'7 + cot'8 + cot'18
= tan*ll + ta.n*ll +tan!' — (since cot™ x = tan™ 1 if x> 0)
7 8 18 X’
11
;Jrg 1 11
tan ' + tan " — .
= Y= —— <
1—1x1 (since X . y 73 1)
7 8
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INVERSE TRIGONOMETRIC FUNCTIONS 25

3.1
_ 3 _ 1 tanl &
= tan ' —+tan ' — = i <
1 T l—ixi (since xy < 1)
11 18
= tan’lﬂ = tan’ll =cot! 3
T s T T 3 T

Example 15 Which is greater, tan 1 or tan™' 1?

Solution From Fig. 2.1, we note that tan X is an increasing function in the interval

-T T T T
[ ) since 1 > n = tan 1 > tan e This gives

272 Y tan x
tan 1 > 1
i
= tanl1>1> —
4 0
= tan 1> 1> tan! (1). o o4 | =2 X
Example 16 Find the value of
. 71 2 71
sm( 2tan §)+cos (tan \/5) .

2 2
Solution Let tan’! 3 =X and tan”' /3 =y so that tan X = N and tany = f3.

Therefore, sin( 2tan”' %) +cos(tan ™' NE) )

sin (2X) + cos y

2tan X

= 1+tan’ X /1+tan y

12 1 37

\o\.bw\l\)

T

13 2 26°
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26 MATHEMATICS

Example 17 Solve for x

tan ! G__XJZ% tan ' X, X>0
+ X

. . . 1-X
Solution  From given equation, we have 2tan™' [—jztanl X

1+X
= Z[tan_ll—tan"1 X} = tan"' X
T -1 T
2| — [=3tan” X —=tan"' X
= [4j = 6

X:_
= V3

Example 18 Find the values of X which satisfy the equation
sin”! X + sin™! (1 — X) = cos™' X.
Solution  From the given equation, we have

sin (sin”! X + sin™ (1 — X)) = sin (cos'X)
=>sin (sin"! X) cos (sin™! (1 — X)) + cos (sin™! X) sin (sin™! (1 — X) ) = sin (cos™! X)

= Xy/1-(1=X)> + (1=X) 4/1-%* = {1-%?

= X2X=% +/1-X (1=x=1)=0

— x(\/zx—x2 — 1= ):0

=x=0 or X—=X=1-x

N | —

=X=0 or X

T
Example 19 Solve the equation sin"'6X + sin™ 6 /3 x = i)

. . . . T .
Solution From the given equation, we have sin™' 6X = _E_Sm 63/3 X
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INVERSE TRIGONOMETRIC FUNCTIONS 27

T
= sin (sin™' 6X) = sin (_E_Sm 63 x]

= 6X = — cos (sin! /3 X)

= 6X=—,/1-108x* . Squaring, we get

36x2=1-108x

1
14452 = 1 X=+ —
= = 12

1 1
Note that x=— ) is the only root of the equation as X = ) does not satisfy it.

Example 20 Show that

o T B _1 sino.cosp
2 tan! Jtan—.tan| ——— [r=tan —— X
2 4 2 cosa.+sinf

2tang.tan E—E
1 2 4 2

) _ 12X
Solution L.H.S. = tan™ [smce 2tan ! X = tan 1—2]
1—tan2atan2(n—Bj =X

4 2

B

1-tan—
2

B

1+tan—
2

p

1-tan
2

B

1+tan—
2

2tanE
2

= tan

2

LS

1-tan

2‘[ang .(l—tan2 BJ
2 2

2 2
1+tanB) —tan2g 1—tanE
2 2 2

= tan
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28  MATHEMATICS

2tang 1—tan2E
2 2

1+tan2E l—tan2g +2tanB 1+tan2g
2 2 2 2

-1
= tan

2tang 1—tan? E

2 2

1+ tan? o 1+ tan? E

_ -1 2 2

= tan

p

l—tan2g 2tan—
2 " 2

1+tan2g 1+tan2E
2 2
tan”! sina.cosf3
- coso.+sinf = R.H.S.

Objective type questions

Choose the correct answer from the given four options in each of the Examples 21 to 41.

Example 21 Which of the following corresponds to the principal value branch of tan™'?
_rr _rr
(59
© |35 - o (D) (0,m)

Solution (A) is the correct answer.

Example 22 The principal value branch of sec™! is

(A) H ﬂ—{o} @) [0 n]—{g}

T T
© O™ (D) (—553]
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Solution (B) is the correct answer.

Example 23 One branch of cos™ other than the principal value branch corresponds to
n 37n 3n
-, — T, 27| ——
(A) [2 2} ®) | ]{2}
© 0, m (D) [2m, 37]

Solution (D) is the correct answer.

. 43n
Example 24 The value of S I(COS(?D is

—/T I /i
A 5 B —- © 15 ® - 15

. . . 401 +3 . 3n
Solution (D) is the correct answer. SIn 1(cos TES n) = sin 1cos(8n+?j

. 1( 37Tj N (Tt 3nj
sin” | cos — |=sin | sin| ———
5 2 5
.1 . I T
sin"|sin| —||=——
( ( IOD 10°

Example 25 The principal value of the expression cos™ [cos (— 680°)] is

27 =27 34r T
(A) 3 (B) 5 ©) o (D) 9

Solution (A) is the correct answer. cos™' (cos (680°)) = cos™ [cos (720° — 40°)]

21
= cos™! [cos (— 40°)] = cos™! [cos (40°)] = 40° = e

Example 26 The value of cot (sin"'X) is

2 X
() Y ® o
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30 MATHEMATICS

1-X
M (D) .

©)

Solution (D) is the correct answer. Let sin! X = 0, then sinf = X

1 1
= cosec = — = cosec’0 = —
X X
1 1-x?
= l+cot?0="—"75 = cotb=
X X

T
Example 27 If tan"'x = — for some X € R, then the value of cot'X is

10
A z B 2n C) — D an
(A) 3 B) = ©) = (D)
T
Solution (B) is the correct answer. We know tan'X + cot'X = PR Therefore
cot'x = r_z
2 10
D eotixe L _E_ 2
T T s
Example 28 The domain of sin™! 2X is
(A) [0,1] B) [-1,1]
[+

Solution (C) is the correct answer. Let sin"'2X =0 so that 2X = sin 0.
1 1
Now — 1 <sin 0 <1, i.e.,— 1 £2x< 1 which gives _ES XSE'

_ﬁJ |

Example 29 The principal value of sin! ( 5
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INVERSE TRIGONOMETRIC FUNCTIONS 31

2n b4 o 5w
* -5 B) -3 © ® 5

Solution (B) is the correct answer.

.1 —\/g . . T o1 . T T
Sin — |=S1n —SInm— |=—SIn SiIn— |=——
2 3 3 3

Example 30 The greatest and least values of (sin"'X)? + (cos™'X)? are respectively

512 n° T —T
Z and — —and —
(A) 4 an 8 (B) 2 2
2 2 2
e - e
C) —and — D) —andO.
() —rand — D)

Solution (A) is the correct answer. We have

(sin™'X)? + (cos™'X)? = (sin"'X + cos™'X)* — 2 sin"'X cos™! X

2
T . T .
= 2sin x| =—sin!' x
4 2

nz

2
= T_ nsin! X+2( sin”! X)

_ i ,
- 2 (sin*1 X) —Esin*1 X+n—
2 8

). n Hl[ZF_m 2
Thus, the least value is 2 16 l-e-? and the Greatest value is 54 +E ,
51

Le. —.
4

Example 31 Let 6 = sin! (sin (— 600°), then value of 0 is
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32  MATHEMATICS

T 2
(B) B © (D) S -

w3

(A)

Solution (A) is the correct answer.

sin”'sin —6OO><L =sin"' sin ~10m
180 3

_sin'| - sin(4n—ﬁJ = sinl(sin&j
3 3
N T . . T T
—sin | sin| t—— | |=sin | sin— |=—
[sn{x-5)) s ()3,

Example 32 The domain of the function y = sin™! (- X?) is
(A) [0,1] (B) (0,1)
©) [FL1] (D) o

Solution (C) is the correct answer. y=sin"' (—X*) = siny=-x
ie. —1<-x<1 (since—1<siny<1)

= 1 >2x>-1
= 0 < xX<1

= |x|s1i.e—1£x£1

Example 33 The domain of y= cos™ (¢—4) is
(A) [3,5]

© [V5.-3]n[5,45]

(B) [0, n]

D) [V5, -VB]u[V3,45]

Solution (D) is the correct answer. Yy =cos” (X¥*—-4) = cosy=x-4
ie. — 1< x¥-4<1 (since—1<cosy<l)

= 3 < xX<5

= 3<|q< J5
o xe[ V3] U [V 5]

Example 34 The domain of the function defined by f (X) = sin"!X + cosx is
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INVERSE TRIGONOMETRIC FUNCTIONS 33

A) [F11] (B) [, m+1]
(©) (~o0,») D) ¢

Solution (A) is the correct answer. The domain of cos is R and the domain of sin™' is

[-1, 1]. Therefore, the domain of cosx + sin"'xis R N [-1,1], i.e., [-1, 1].
Example 35 The value of sin (2 sin™' (-6)) is

(A) 48 (B) -96 ©) 12 (D) sinl1-2

Solution (B) is the correct answer. Let sin™! (-6) = 6, i.e., sin 6 = -6.

Now sin (20) = 2 sinB cos0 =2 (-6) (-8) = -96.

T :
Example 36 If sin! X + sin™! y = —, then value of cos™ X + cos™' y is

2
s 2n
(A 5 (B) = € 0 D) 3
T
Solution (A) is the correct answer. Given that sin™ X+ sin”!' y = 5

heref Efcos’lx + Efcos’ly .
Therefore, > > >

oA

= cos'X + cosly =
a3 1)
Example 37 The value of tan | €08 §+tan 7)1

8 19 3
® © D) ~

(A) 19 12 4

8

43 1 44 a1
Solution (A) is the correct answer. tan (COS 1§+tan lzj = tan (tan 13"“[311 lzj
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34  MATHEMATICS

= tan tan !

Example 38 The value of the expression sin [cot™! (cos (tan™ 1))] is

(4) 0 7

B) 1 ©)

Solution (D) is the correct answer.

i -1 T ; -1 L sin| sin™' \/z = z
sin [cot™! (cos Z)] = sin [cot NG I 3 3
1
Example 39 The equation tan™'X — cot'X = tan™' E has

(A) no solution

(C) infinite number of solutions (D) two solutions

Solution (B) is the correct answer. We have

T T
tan™'X — cot !X = P and tan'X + cot'X = 3

) 21

Adding them, we get 2tan"'x = EY
T
= tan’'X= g 1.€., x:\/g.
Example 40 If a<2sin”'X + cos'X <, then
A) a="",B=" B 0

(©) a=—", ﬁ=3—n (D) a=0,p=2n
2 2
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INVERSE TRIGONOMETRIC FUNCTIONS 35

- T
Solution (B) is the correct answer. We have > < sin! X < )
2 2 S AT L =57,
= 0 < sin'X+ (sin'X+cos'X) <7
= 0 < 2sin'X+ cos'X <@
Example 41 The value of tan® (sec'2) + cot? (cosec™'3) is
(A) 5 (B) 11 ) 13 (D) 15

Solution (B) is the correct answer.

tan® (sec'2) + cot?® (cosec'3) = sec? (sec'2) — 1 + cosec? (cosec!3) — 1
=22 x1+3-2=11.

2.3 EXERCISE

Short Answer (S.A.)

~ Sm _ 13n
1. Find the value of tan : (tan ?)"‘ cos ' (COS ?j .

-1
2. Evaluate cos cos

N5
2

6
3. Prove that €Ot 2_200t713 7.
4 Find the value of tan™ 1 cot ™! 1 tan' sin —
. valu -

5 5 2

2n
5. Find the value of tan! (tan 3).

_ (4

6. Show that 2tan™! (-3) = > + tan ENE
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36 MATHEMATICS

7. Find the real solutions of the equation

tan” \/X(X+1)+sin"' XX+ :g .
41 _
8. Find the value of the expression sin (2‘[311 1§)+cos(tan ! 2\/5 ) .

s
9. If 2 tan™! (cos ©) = tan™!' (2 cosec 0), then show that 6 = e

where N is any integer.
1 . a1
10. Show that €os| 2tan 7 =sin| 4tan 3/

11. Solve the following equation cos (tan’1 X) =sin [cot1 %) .

Long Answer (L.A))

12. Prove that tan

L1 X I=X
J1I X2 —1=-x

_ . -3
13.  Find the simplified form of €OS l gCOS X gsm X, where xe e

72 .

. 8 L3 . T

14.  Prove that sin' — sin ' = sin' —.
17 5 85
.45 3 , 63

15.  Show that sin'— cos' = tan'—
13 5 16
1 2 ) 1

16 Prove that tan”' — +tan” ==sin" —

: 4 9 5

17. Find the value of 4tan™' 1 tan ' L .
5 239
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4-7 447

and justify why the other value

1. ,3
18. Show that tan —sin ' =
2 4
is ignored?
19. Ifa,a,a,,...,a, is an arithmetic progression with common difference d, then
evaluate the following expression.

-1 d -1 d -1 d -1 d
tan| tan +tan +tan +...+tan | ——
{ (“aﬁzj (1"'3233] (1+asa4j (Han_lanﬂ'

Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises from
20 to 37 (M.C.Q.).

20. Which of the following is the principal value branch of cos'x?

B
(A) 2 ’ 2 (B) (0: TC)
T
(C) [Oa TE] (D) (05 TC) - E
21. Which of the following is the principal value branch of cosec™'x?
54 H
(A) 2 ? 2 (B) [Oa TC] - 2
[—_n z} [—_n z}
22. If 3tan! X + cot! X = m, then X equals
1
(A) 0 (B) 1 ©) -1 (D) R
33
23.  The value of sin”!  €OS 5 is
A X om 2 2 op =
(A) (B) © 1 O 7
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24. The domain of the function cos™ (2x— 1) is

A)  [0,1] B  [-1,1]
<© (=L (D) [0, ]
25. The domain of the function defined by f (X) =sin! (/X—1 is
@A) [1,2] B) L 1]
©) [0, 1] (D) none of these

.42 _
26.  Ifcos (sm 1§+COS lszo, then X is equal to

1 2

O - ® 3z © 0 O I
27. The value of sin (2 tan"! (.75)) is equal to

(A) 75 (B) 1-5 ©) 96 (D) sin 1-5
28. The value of €08~ COS? is equal to

A X B F oo X op

TN ® S © 5 O™ 5

1

29. The value of the expression 2 sec! 2 +sin! = s

A z B o C Tn D 1

(I ® = © & O

4

30. If tan! X + tan’'y = ?, then cot™! X + cot™! y equals

A - B 2n C 3 D

(A) 3 (B) 5 © 5 D) =

in! 28 cos”' L-a tan "’ i

31. If sin 1 a2 1 a2 1 ° where a, X € 10, 1, then

the value of X is

a 2a
A 0 ® 5 © a O g
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32. The value of cot cos ' E is

D) =

D) 12

the equation

(D) Infinite

= Los o
NI, ® = © %
. _00871 i .

33. The value of the expression tan B \/g is

A 245 B) 5-2

J5 2
© 5= D) 5 42
Hint :tangz 1=cosb
1+cosH
2X

34. If | x| < 1, then 2 tan™! X + sin”! 1T 2 is equal to

(A) 4 tan™! X (B) 0 ©) 5
35. If costa+cos!'B+cos!y=3n,thena(PB+y+B{y+o)+y(+fp)

equals

A 0 B) 1 € o6
36. The number of  real solutions of

J1+cos2x=~/2 cos™! (cos X)in [g,n} is

A 0 B) 1 < 2
37. If cos'x > sin'X, then

L< x<1 0<x< €L
N D (B) =1 h
1
(C)  —lsX<—= (D) x>0
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Fill in the blanks in each of the Exercises 38 to 48.

1
38. The principal value of cos™ [Ej is

. 3xm
39. The value of sin! (sm?j 1S

40. If cos (tan™' X + cot™ \/3) = 0, then value of X is

1
41. The set of values of sec™ [Ej 1s

42. The principal value of tan™' /3 is

I4n)
43. The value of cos™ COST is

44, The value of cos (sin”! X+ cos™' X), x| <1is
sin”' X+cos ' X NE)
45. The value of expression tan > ,when x= > is
2X

46. Ify=2tan! X + sin’! for all X, then <y<

1 X

Xy
1+Xxy
48. The value of cot™ (—x) for all X € R in terms of cot'X is

47. The result tan"'X — tan'y = tan™' ( ] is true when value of Xy is

State True or False for the statement in each of the Exercises 49 to 55.

49. All trigonometric functions have inverse over their respective domains.
50. The value of the expression (cos™ X)? is equal to sec? X.
51. The domain of trigonometric functions can be restricted to any one of their

branch (not necessarily principal value) in order to obtain their inverse functions.

52. The least numerical value, either positive or negative of angle 0 is called principal
value of the inverse trigonometric function.

53. The graph of inverse trigonometric function can be obtained from the graph of
their corresponding trigonometric function by interchanging X and y axes.
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n w
54. The minimum value of n for which tan™ _>Z’ neN | isvalid is 5.
T

.1 T
55. The principal value of sin™! {COS(SIH lgﬂ is 3

s Ol ——
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